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1. Introduction

Let H be a complex Hilbert space with inner product (.,.) and B(H) be the collection
of all bounded linear operators on H. As usual the norm induced by the inner product
(.,.) is denoted by |.||. For A € B(#), let ||A| be the operator norm of A, i.e., ||A] =
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sup|z|=1 |Az|. For A € B(H), A* denotes the adjoint of A and |A[,[A*| respectively
denote the positive part of A, A*, ie., |A| = (A*A)2,|A*| = (AA*)2. Let Sy denote
the unit sphere of the Hilbert space H. The numerical range of A, denoted by W (A), is
defined as

W(A) = {(Az,z) : zeH, |z|=1}.

Considering the continuous mapping z — (Az,z) from Sy to the scalar field C, it is
easy to see that W (A) is a compact subset of C if H is finite dimensional.
The numerical radius of A, denoted as w(A), is defined as

w(A) := sup [{(Az,z)|.

llzll=1

The numerical radius is a norm on B(H) satisfying the following inequality

2 < wia < ). (1.1

Clearly, (1.1) implies that the numerical radius norm is equivalent to the operator norm.
The inequality (1.1) is sharp, w(A) = [|A]| if AA* = A*A and w(A) = 121 if 42 = 0.
Kittaneh [8, Th. 1] and [9, Th. 1] improved on the inequality (1.1), to prove that

1 1
T IIAP + 472 < w?(4) < S[[14P + |47 (12)
1 1 1
w(A) < 5[4l + 51471, (13)

In [4, Cor. 2.5] authors improved on the right hand inequalities of both (1.1) and (1.2)
to prove that

w?(A) < 02221 |l Al + (1 — a)|A* || (1.4)

The inequality (1.1) has been studied and improved by many mathematicians, we refer
to [1-3,5] and references therein.

In this paper we first obtain an upper bound for the numerical radius of bounded
linear operators on H, we prove that if A € B(H), then

1
w?(A4) < 7 [IIAP + [ATP[] + 5w (4] A7)

] =

This inequality is stronger than the right hand inequality in (1.2) as well as the inequality
(1.3). We next obtain upper bounds for the numerical radius of the sum of the product
of bounded linear operators. In particular, we show that, if A, B € B(H) and r > 2, then
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" * T 1 T T
w'(A"B) < gw? (|B" +i[A]") < S [[[BI" +[4]"|.

l\.')l»—l

This is an improvement of the Dragomir’s inequality [7], namely, w"(A*B) <
iz + 1)

2. Main results
We begin this section with the following sequence of lemmas which will be used to
reach our goal in this present article. First lemma is known as a generalized mixed

Cauchy-Schwarz inequality which involves two nonnegative continuous functions.

Lemma 2.1. ([10, Th. 5]). Let A € B(H). Let f and g be nonnegative functions on [0, 00]
which are continuous and satisfy the relation f(t)g(t) =t for all t € [0,00]. Then

[(Az, y)| < [IF(1AD=[llg(1A™ Dyll,
for all x,y € H.
Second lemma deals with positive operators.
Lemma 2.2. (12, p. 20]). Let A € B(H) be positive, i.e., A > 0. Then
(Az,2)" < (A"z,z),
for all > 1 and for all x € H with ||z|| = 1.
Third lemma is known as Buzano’s inequality.

Lemma 2.3. ([6]) Let x,y,e € H with |le|| = 1. Then

(Ul + 1z, 9)1) -

DN | =

[(z,e) (e, )| <
Fourth lemma is known as Bohr’s inequality which deals with positive numbers.

Lemma 2.4. ([13]) Fori=1,2,...,n, let a; be a positive real number. Then

n r n
(Z ai> <p! Zaf,
i=1 i
for allr > 1.

We now present the first inequality.
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Theorem 2.5. Let A € B(H). Then
1 r * |27 *
w? (A) < 7 [[IAP7 + AP + 5 L (AP|AT).
forallr > 1.

Proof. Let 2 € H with ||z| = 1. Considering f(t) = g(t) = t2 in Lemma 2.1 we have
that

[(Az,z)]* < (|Alz, 2)(|A*|2, ).
It follows from Lemma 2.2 that
[(Az, 2)|*" < (|A["z, 2) (| A" 2, 2) = (|A*| 2, 2)(z, |A]"z).

From Lemma 2.3 we have,

* |7 T 1 T * |7 1 *|T T
(A", 2)(z, [A]"2) < 5 A2 |42l + 5 K|A™]"=, [A]"2)] .
1 T2 w2 1 AR
So we get, [(Az, 2)*" < 7 (I1AI"|> + 147 "2ll*) + 5 [(|AI"| A", @)
1 * |27 *
=1 ((JAP "z, z) + (JA* [Pz, 2)) + —| |A]"|A*|"x, z)|
1 T * |27 1 T * |7
= (AP + A7) 2, 2) + 5 [(A]MAT 2, 2)|
1 T * 2T *
< AP+ 1A+ 5 Sw(lAriat.
Therefore, taking supremum over ||z =1 we get,
1 r * |27 *
w?(4) < 7 [[lAP" + |47 H+ Sw(A"1AT),

as required. O
The following corollary is an immediate consequence of Theorem 2.5.

Corollary 2.6. Let A € B(H). Then
2 1 2 w2y 4 L x
wH(A) < AR 4142 + S (agac).

Remark 2.7. 1. If |A||A*| = 0, then it follows from Corollary 2.6 and the left hand
inequality of (1.2) that w?(A) = 1 [||A]> +|A*?||.

2. The inequality in Corollary 2.6 improves on the right hand inequality in (1.2).
Clearly, w (JA||A*]) < |||A]|A*||| = HAQH Therefore,
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1
w?(4) < 7 AP + 14| + w (14114

\ /\
—_

AP + A7)+ 5 HA2I|

I /\

2 * |2 2 * (2
LA P g AP+ |

1
S [EGERVEE

Thus, the inequality Corollary 2.6 improves on the right hand inequality in (1.2).
3. The inequality in Corollary 2.6 improves on the inequality in (1.3).

Clearly, w?(A) §i|\|A|Z+|A*| H+ L (a4
1
< AP+ AP+ 5 HA2H
1 1
< - ||A2|| + - ||AH —||A|| 42|12

(1 1, 912 2
_<§||A||+§HA Hz) |

Thus, the inequality in Corollary 2.6 also improves on (1.3).

Next we obtain the following inequality for the numerical radius of the sum of n
operators which generalizes Theorem 2.5.

Theorem 2.8. Let A; € B(H), i =1,2,...,n. Then

n n27‘—1
,w2r Z A < 7
i=1

forallr > 1.

n27‘—1 n
+ g (Swariain).

> (AP + A7)
i=1

Proof. Let x € H with ||z|| = 1. Then from Lemma 2.4 we get,

() )

2r 2r

=[S s
@ )

()

Proceeding similarly as in the proof of Theorem 2.5 we get the required inequality. O

ngh
b
8
8
T
:
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Our next result reads as follows:

Theorem 2.9. Let A, B € B(H) be selfadjoint. Then

1A+ B|| < Vw(A+iB) + A B]| + w(BA) < | A]l + || BI.
Proof. Let € H be such that ||x|| = 1. Then we have,

|A+ B||?> = w?(A+ B)
= sup [{(A+ B)a,a)?

ll]|=1

< Hilﬂlzpl (I{Az, 2)| + [(Bz,z)|)*

= ”81”191 (KA, 2)|* + [(Bz, 2)|? + 2|(Az, z)||(Bz, z)|)

— ”31”121 (|(Az, ) +1i(Bz,z)|* + 2|(Az, z)(z, Bx)|)

< Hshlgl ([{(A+1iB)xz,z)|* + || Az| || Bz|| + |(Az, Bx)|) , by Lemma 2.3
= ”5}”11:)1 ({(A +iB)z,2)|? + | Az||| Bz | + |(BAz, z)|)”

< w(A+iB) + || A|[|B]| + w(BA).

Hence,

1A+ B| < Vw(A+iB) + [A[[| Bl + w(BA).
It is easy to verify that w?(A +iB) < ||A? + B2||. Therefore, we have
w?(A +iB) + ||| Bl + w(BA) < (| A]l +[IB])).
This completes the proof. O

Remark 2.10. We would like to remark that Theorem 2.9 gives better bound than the
bound obtained by Moradi and Sababheh [11, Th. 2.4], namely, if A,B € B(H) are
selfadjoint then

1A+ B|| < Vw?(A+iB) + 2| A[[|B]| < [|All + || B]I
Next we prove the following inequality.

Theorem 2.11. Let A;, B;, X; € B(H),i = 1,2,...,n. Let f and g be two nonnegative
functions on [0,00) which are continuous and satisfy the relation f(t)g(t) = t for all
t €[0,00). Then



P. Bhunia, K. Paul / Bull. Sci. math. 167 (2021) 102959

w” (i A:XZBZ>
i=1

forallr > 1.

(iXBf|x|J-HMw%mmMﬁ>

i=1

Proof. Let x € H with ||z|| = 1. Then we have,

(o))

T

T

n

> (A;XiBiz,x)

i=1

(Z (A*X,;B;x, x) |>

IN

<n (ZAXB:UJ;H), by Lemma, 2.4

— (Z (X;Bix, Aix) |" )

< gllf (1) Biz||" lg(|1 X7 ) Az > , by Lemma 2.1

— -l (Z: (1X:)Biz, Biz)* (g 2(|X;*)Aiac,Aix>g>

_ (il 2(1X;]) By, ) 2 <A;‘92(|Xf|)Aiz,x>%>

<n (: B £2(X:)Bi] = > <[A;‘gz(|Xi*)Ai]Tx7m>é>, by Lemma 2.2
gnglﬁi (B (X B] @ >+<Mw%wmAJ%w»>

< ”:/; (: 2(X:)B;]" x,z>+i§<[A;“gz(|Xi*|)Ai]rx,x> ) :

as |a+b] <V2a+ib|, Va,beR

@;K<§; |X|JHMMMXW&YD$@>

=1
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(i(Bf (1x:)B]" +i[A:gQ<X:|>Ai]T)>-

i=1

Therefore, taking supremum over ||z|| = 1, we get

w (Z A;xi3i> <Tw (Z (B POXDBY +i [A;g2(|x;|),4ir)) -0

i=1

Remark 2.12. Note that Theorem 2.11 indeed does not depend on the number n of
summands in the case r = 1.

Considering f(t) = t* and g(t) = t17, 0 < a < 1 in Theorem 2.11 we get the
following corollary.

Corollary 2.13. Fori=1,2,...,n, let A;, B;, X; € B(H). Then

w <Z A:XiBZv) < ”;;w (Z ([Br1x B+ [Az‘lX;‘“”)Ai}T)) ,
=1

i=1

for allr > 1.
The following corollary is an easy consequence of Theorem 2.11.

Corollary 2.14. For i =1,2,...,n, let X; € B(H). Let f and g be nonnegative functions
on [0,00) which are continuous and satisfy the relation f(t)g(t) =t for all t € [0,00).
Then

r (ZX) < %w (Z (£ (X)) +1 g”(Xf‘l))) ,

i=1

forallr > 1.

In particular, taking n = 1, » = 1 and f(t) = g(t) = t2 in Corollary 2.14 we get the
following inequality which refines the second inequality in (1.2).

Corollary 2.15. Let A € B(H). Then

w(A) < %w(|A| +i4%)).

Remark 2.16. It is easy to observe that w?(|A| +i[A*|) < |||A|? + |A*[?||. Therefore,

1
w?(A) < Sw?(A] +ilAT]) < o [||AP + AT

N)I»—A

Hence, Corollary 2.15 is sharper than that in (1.2).
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We note that Corollary 2.15 is also obtained in [11, Cor. 2.1] by Moradi and Sababheh.
However, our approach is different here.
Next, we obtain an inequality which follows from Corollary 2.13.

Corollary 2.17. Let A, B € B(H). Then

w'(A*B) < Sw? (|B]" +1]A]"),

DN | =

for allr > 2.
Remark 2.18. In [7], Dragomir proved that if A, B € B(H) and r > 1 then
>k 1 T
W (A'B) < L [|[BP7 + AP
For r > 2, from Corollary 2.17 we get,

_1
w'(A"B) < gw? (|B" +1[A]") < S [[[BI”" + 4]

l\.')l»—l

We would like to remark that for » > 2, the inequality in Corollary 2.17 is stronger than
the Dragomir’s inequality [7].

Finally, we obtain the following estimation.

Theorem 2.19. Let A;, B;, X;; € B(H) fori,j =1,2,...n. Then

. 1 g \
ij=1 i=1
where
X1 Xor - . . Xm
X = €B (Z @H)
i=1

Xin Xon . . . Xpn
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A, 0 . . .0 B 0 . . .0
A, 0 . . . 0 B, 0 . . . 0
Proof. Let A = ' , B = ' e B(Y ., oH).
A, O 0 B, 0 . 0
NP AXyB 0 . . .0
0 o . . .0
Then, A*XB = ' and so we have
0 o . . .0
w (szzl A;‘XijBl) = w(A*XB). Now, by Cauchy-Schwarz inequality we get,
w(A*XB) = sup |(A*XBz,z)| = sup (X Bz, Ax)]
€Sy z€SH
<

sup || Bzl|[|Az|| < sup [|X]|[|Bx|[| Az]|
TESH TESH

IN

1 1 " "

sup = | X][(|Bz|* + [[Az|*) = sup S| X[|((B"B + A" A)z, )
€Sy z€SH

> (AA; + B} B;)

i=1

1 . . 1
SIXA°A + BB = 5|1 X]

Thus, we have the desired inequality. O

n

Remark 2.20. We note that the expression » ;.
Z?; CiXiD; where C; € {A; 11 <j<n},X; € {Xi;:1<1i,j<n},D; €{B:
1 <j<mn}forali=1,2...n% So, one can estimate w (Z?jzl A;XijBi> as in
Theorem 2.11.

A;*-XijBi can also be written as
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